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Abstract

In this study, we have investigated the influence of shape of planar contractions on the orientation distribution of stiff
fibers suspended in turbulent flow. To do this, we have employed a model for the orientational diffusion coefficient based
on the data obtained by high-speed imaging of suspension flow at the centerline of a contraction with flat walls. This
orientational diffusion coefficient depends only on the contraction ratio and turbulence intensity. Our measurements show
that the turbulence intensity decays exponentially independent of the contraction angle. This implies that the turbulence
variation in the contraction is independent of the shape, consistent with the results by the rapid distortion theory and the
experimental results of axisymmetric contractions. In order to determine the orientation anisotropy, we have solved a
Fokker–Planck type equation governing the orientation distribution of fibers in turbulent flow. Although the turbulence
variation and the orientational diffusion are independent of the contraction shape, the results show that the variation of
the orientation anisotropy is dependent on shape. This can be explained by the variation of the rotational Péclet number,
Per, inside the contractions. This quantity is a measure of the importance of the mean rate of the strain relative to the orien-
tational diffusion. We have shown that when Per < 10 turbulence can significantly influence the evolution of the orientation
anisotropy. Since in contractions with identical inlet conditions the streamwise position where Per = 10 depends on the shape,
the orientation anisotropy is dependent on the variation of rate of strain in a given contraction. We demonstrate the shape
effect by considering contraction with flat walls as well as three contractions with different mean rate of strain variation.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Motion and orientation of suspended fibers in turbulent flow affect transport, rheology, and turbulence
characteristics of the suspension. In addition, in many industrial processes the quality of the final products
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is dependent on the orientation of fibers. For example, in papermaking, mechanical properties of manufac-
tured paper are known to be anisotropic due to the anisotropy in the orientation distribution of fibers induced
by the flow kinematics while passing through a planar contraction. One of the primary parameters which can
be changed to alter the orientation distribution function in converging flows is the shape of the contraction.

The dynamics and orientation of an inertialess ellipsoid in a linear shear flow can be obtained from Jeffery’s
equation (1922). The tensorial form of this equation is given by
_pi ¼ Xijpj þ kðEijpj � EklpkplpiÞ; ð1Þ
where pi, Xij and Eij denote the unit orientation vector along the longitudinal axis of the particle, the antisym-
metric and symmetric part of the velocity gradient tensor, respectively; and kð� ½a2

p � 1�=½a2
p þ 1�Þ is a function

of the fiber aspect ratio, ap.
Brenner (1974) generalized this approach to cover any axisymmetric particle. This analysis is valid when the

suspension is dilute, i.e., each fiber can rotate freely without affecting the motion of other fibers or its motion
become affected by other fibers (Bibbo et al., 1985). This requires n < 1/l3, where n and l denote the number of
fibers per unit volume and the fiber half length, respectively. When n > 1/l3, fibers hydrodynamically interact
and influence their orientation state. Thus, in a semi-dilute suspension the motion of a fiber depends on the
mean fluid velocity, the fluctuating component of the fluid velocity, hydrodynamic fiber–fiber interactions,
and inertia.

In order to quantify the effect of hydrodynamic fiber–fiber interactions on orientation, Shaqfeh and Koch
(1990) developed a model based on kinetic theory to predict the dispersion of fibers oriented along the exten-
sional axis of axisymmetric and planar extensional flows. This model shows that the orientational dispersion
for dilute and semi-dilute suspensions is O(nl3/ln2ap) and O(ln(nl3)/nl3), respectively. In the dilute regime, as
the concentration increases from infinite-dilute, the rate of dispersion increases. While in the semi-dilute
regime the dispersion rate decreases with increasing fiber concentration. This decrease at semi-dilute regime
is attributed to the short range screening of hydrodynamic disturbances (see e.g., Shaqfeh, 1988; Shaqfeh
and Fredrickson, 1990; Shaqfeh and Koch, 1990). Shaqfeh and Koch also observed that the fiber dispersion
in a planar extensional flow is anisotropic in the dilute regime. Dispersion in the transverse direction was
shown to be larger than that in the direction of extension.

The orientation state of a large number of fibers is described by the probability distribution function,
w(p, t). This function is normalized such that
I

wðp; tÞdp ¼ 1 ð2Þ
(Dinh and Armstrong, 1984). Based on the conservation principles in the p space, distribution function must
satisfy the continuity equation given by
Dw
Dt
þrr � ð _pwÞ ¼ 0; ð3Þ
where $r is the gradient operator in orientation space (i.e., the gradient operator of the surface of a unit
sphere). Analogous to suspension flows with Brownian motion and with hydrodynamic fiber–fiber interac-
tions, the change of orientation distribution function w(p, t) in turbulent flows can be modeled by a
Fokker–Planck type equation (see e.g., Advani and Tucker, 1987; Doi and Edwards, 1988; Krushkal and
Gallily, 1988; Koch, 1995; Olson and Kerekes, 1998) given by
Dw
Dt
¼ rr � ðDr � rrw� _pwÞ; ð4Þ
where Dr is the rotational diffusion coefficient tensor. In this equation, the translational diffusion is neglected
because the fiber concentration in the suspension flow is assumed to be homogeneous. Depending on the flow
conditions, the diffusion term on the right hand side of (4) represents the randomizing effect due to either the
Brownian motion (Doi and Edwards, 1988), the turbulent eddies (Krushkal and Gallily, 1988; Olson and Kere-
kes, 1998) or the hydrodynamic fiber–fiber interactions (Koch, 1995). In this study, we consider that the rota-
tional diffusion is isotropic and thus is represented by a scalar diffusion coefficient, Dr, instead of a tensor.
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In turbulent flows, the dispersion of fibers is altered due to the presence of velocity fluctuations. Krushkal
and Gallily (1988) experimentally studied the development of orientation distribution of non-spherical aerosol
particles in a turbulent shear flow. They concluded that particles become randomly oriented in the presence of
turbulence with high intensity. However, for flow with mean velocity gradients, the orientation distribution
function is anisotropic if the turbulence intensity is not sufficiently large to randomize the particles. Bernstein
and Shapiro (1994) investigated the orientation of glass fibers in laminar and turbulent pipe flow. They found
that at low Reynolds number laminar flow, the fibers are randomly distributed near the pipe center. As the
Reynolds number increases within the laminar regime, the fibers become more oriented in the streamwise
direction. At high Reynolds number turbulent flow, the randomizing effect of the turbulence leads to a nearly
isotropic orientation.

Olson and Kerekes (1998) expressed the rotational diffusion coefficient in an isotropic turbulent flow as a
function of turbulent integral time and length scales, turbulence intensity and fiber length. They found that by
increasing the ratio of the fiber length to the Lagrangian integral length scale, the diffusion coefficient
decreases. Recently, Shin and Koch (2005) numerically showed that the rotational diffusion coefficient, Dr,
is of the order of the inverse integral time scale. In a planar contraction, Olson et al. (2004) numerically solved
the Fokker–Planck equation governing the orientation distribution of fibers. Through comparison with mea-
sured data, they showed that Dr is constant throughout the contraction. Since in the study by Olson et al. the
flow into the contraction passed through a package of tubes with sudden increase in the diameter, the inlet
flow to the contraction is different from the present study. Turbulence in contractions is highly dependent
on the inlet flow characteristics, therefore, the model by Olson et al. (2004) is expected to be inaccurate for
isotropic, homogeneous grid-turbulence flow.

In axisymmetric contractions, it has been shown that the contraction shape and flow Reynolds number do
not have considerable influence on the turbulence characteristics. Rather the inlet turbulence condition is the
most dominating parameter, as shown by Hussain and Ramjee (1976) and Ramjee and Hussain (1976).
Several questions have remained open in planar contractions. Are the turbulence characteristics inside planar
contractions independent of the contraction shape as well? How does the rotational diffusion coefficient, Dr,
vary inside contractions? Does the production of turbulent kinetic energy inside contractions influence Dr? Is
the orientation distribution function dependent on contraction shape? The objective of this study is to
investigate whether the orientation anisotropy and turbulence characteristics inside contractions are affected
by contraction shape. To do this, we solve a Fokker–Planck type equation with an isotropic rotational diffu-
sion coefficient, Dr. Thus, we need a relation for Dr in contractions. This is accomplished by using a model
developed by Parsheh et al. (2005) based on the measured orientation distribution function at the centerline
of a planar contraction with flat walls (see Fig. 1). We study the effect of contractions on isotropic homoge-
neous turbulence while changing the contraction angle in order to examine the influence of the contraction
shape on turbulence, as outlined in Brown et al. (2006). To investigate the influence of turbulence on the
orientation anisotropy, we have designed the experiments such that the measured results are not influenced
Fig. 1. Schematic of the experimental set-up with coordinate system.
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Fig. 2. Contraction geometries considered; flat plate Eq. (8) (—), constant rate of strain Eq. (5) (- - -), linear rate of strain Eq. (6) (– Æ–),
quadratic rate of strain Eq. (7) (� � �).
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by the hydrodynamic fiber–fiber interactions and the fibers do not affect the flow field (Paschkewitz et al.,
2005). A nearly isotropic homogeneous grid-turbulence is introduced at the contraction inlet. In order to
obtain reliable average data, the motion and orientation of a large population of fibers are measured. The
results of these measurements are presented as the development of the orientation distribution function at dif-
ferent downstream positions.

We have investigated the influence of contraction shape on orientation anisotropy by analyzing the orien-
tation distribution function in contractions with constant mean rate of strain, linear rate of strain, quadratic
rate of strain and flat walls. The equation of local height for these contractions is given by
h ¼ h0L
ðCmax � 1Þx1 þ L

; ð5Þ

h ¼ h0L2

ðCmax � 1Þx2
1 þ L2

; ð6Þ

h ¼ 2h0L3

3ðCmax � 1ÞLx2
1 � ðCmax � 1Þx3

1 þ 2L3
; ð7Þ
and
h ¼ h0 � 2x1 tan b; ð8Þ

respectively, where h0, Cmax, L, and Q denote the inlet contraction height, the maximum contraction ratio,
contraction length and flow rate per unit width, respectively. The contraction ratio is defined as
C ¼ U 1

U 1;0

; ð9Þ
where U1 and U1,0 denote the local streamwise mean velocity and the streamwise mean inlet velocity, respec-
tively. Fig. 2 shows the schematic of these contraction shapes.

2. Experimental set-up

In an earlier study (Parsheh et al., 2005), we have reported visualization of stiff fibers suspended in turbulent
flow at the centerline of a planar contraction with flat walls, Fig. 1. Based on these data, we investigated
evolution of fiber orientation distribution in the contraction and derived a model for the rotational Péclet
number, Per. This model is dependent only on contraction ratio and inlet turbulence conditions, independent
of the production of turbulent kinetic energy in the contraction. In the present study, we employ this model to
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investigate the contraction shape effect. Also, we have investigated the evolution of turbulence at the centerline
of contractions with flat walls (Parsheh et al., 2005; Brown et al., 2006). The flow facility, velocity field and
fiber orientation measurement methods are briefly outlined below.

2.1. Flow facility and velocity measurements

Orientation of fibers suspended in turbulent flow inside a small closed water loop is measured using high-
speed imaging, Parsheh et al. (2005). The test section is constructed from 12 mm-thick Plexiglas to allow for
visual access. Flow first passes through a hexagonal flow straightener installed in a constant cross-section
channel upstream of the contraction. The flow straightener has an open width of 10 mm and a closed width
of 0.4 mm. Free-stream turbulence is then generated by a monoplane square grid with rectangular bars. The
mesh size, M, and bar width of the grid are 9.5 mm, and 3.2 mm respectively, resulting in a solidity of 0.56
(solidity is defined as the grid geometric blockage area divided by the total area). The distance between the
grid and the contraction inlet is normalized by mesh size, M, and is denoted by lg hereafter. The origin of
the coordinate system is located at the contraction inlet and the streamwise direction is denoted by x1, see
Fig. 1. The contraction is 550 mm in length, 155 mm wide, inlet height is 179.2 mm, and the outlet height
is 16 mm giving the contraction half angle, b = 8.4�, and maximum contraction ratio, Cmax = 11.2. The flow
Reynolds number is defined as
Re ¼ U 1h
m
; ð10Þ
where h and m denote the contraction height and the fluid kinematic viscosity, respectively. This para-
meter remains constant throughout the contraction. In these experiments, Re is 85 · 103 with exit velocity
4.9 m/s. The estimated average streamwise velocity component based on irrotational flow assumption is
given by
U 1 ¼
Q

h0 � 2x1 tan b
; ð11Þ
where Q and h0 denote the flow rate per unit width and the inlet height, respectively.
A two component laser-Doppler anemometry (TSI) with a 5 W argon ion laser (Coherent, Innova 70) is

used to measure the velocity field. Alumina particles, 0.3 lm in diameter, are used to seed the flow. The optical
head is traversed automatically using a three-dimensional linear traversing system with accuracy of ±0.1 mm.
The LDA data are collected randomly with five repetitions for a period of 90 s.
2.2. Visualization and image processing technique

In Parsheh et al. (2005) a dilute suspension of stiff opaque rayon fibers is visualized. The fibers are nomi-
nally 3.2 mm in length, 57 lm in diameter, with specific gravity equal to 1.14. The suspension’s nl3 is 0.0053.
We have dried the fibers in an oven at 105 �C for 24 h or more.

Motion of suspended fibers in the x1–x3 plane is visualized using a pulsed laser sheet and a high-speed cam-
era. A pulsed infra-red laser sheet at wavelength 808 nm (Oxford model HSI1000) with pulse duration of 15 ls
is synchronized with a V5 Phantom high-speed camera. A lens is used to project a 3.2 mm thick, 100 mm wide
laser sheet into the contraction. The laser head is translated linearly in the x2-direction with a resolution of
0.01 mm. The camera is translated linearly in the x1, x2 and x3 directions and rotates around x3-axis. Images
are taken at the centerplane of the contraction, defined as the x1–x3 plane located within x2 = ±1.6 mm. They
have a dimension of 9.6 mm in the x1-direction and 14.5 mm in the x3-direction with 342 · 512 pixel resolu-
tion. We have analyzed 8190 images at each position which the resulted orientation distribution function, w, is
evaluated from a succession of approximately 4000 randomly imaged fibers.

Softwares are developed which inverts the image, scans the frame, and identifies each fiber in the image. The
fibers are rigid but they are not all perfectly straight. Thus, to accurately evaluate the orientation of an
observed fiber, we divide the fiber into 5 or more equal segments. A line is then fitted to each segment, and
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the angle of the segments of each fiber are averaged and used to determine the fiber orientation distribution. A
complete description of the image analysis technique is given in Parsheh et al. (2005).

Throughout this paper, the orientation anisotropy parameter will be presented versus contraction ratio.
However, the contraction ratio, C, varies slightly along the streamwise length of the images, Dx1. The average
contraction ratio, Ca, in each image is given by
Fig. 3.
to top)
Ca ¼
1

Dx1

Z x1;2

x1;1

Cðx1Þdx1; ð12Þ
where Dx1 = 9.6 mm and x1,1 and x1,2 are the upstream and downstream edge positions of the image, respec-
tively. The straight channel upstream of the contraction inlet and the contraction are joined by a set of opaque
flanges 30 mm in length. Due to these flanges and the finite length of our images, the first position downstream
of the contraction inlet is located at Ca = 1.1. In this study, the experimental results are presented versus Ca

and from this point on we drop the subscript ‘a’ for convenience.

3. Development of isotropic homogeneous turbulence in planar contractions

In this section, we discuss the influence of the contraction on the isotropic, homogeneous grid-turbulence at
inlet. In order to quantify the impact of turbulence on the orientation distribution, we have introduced grid-
turbulence with different intensity into the contraction. This is done by changing the position of the grid rel-
ative to the inlet. Cases with grid positions at lg = 20 and lg = 60, where lg is defined as the number of grid
mesh size, are studied. In lg = 20, the inlet turbulence intensity is almost twice as in lg = 60.

In general, grid-generated turbulence tends to have slightly higher energy content in the streamwise direc-
tion. Comte-Bellot and Corrsin (1966) used an axisymmetric contraction with Cmax = 1.27 to suppress the
streamwise fluctuating velocity component to obtain a perfect isotropic grid-turbulence, where Cmax denotes
the contraction ratio at the outlet. In our measurements, the grid-turbulence at the inlet is nearly isotropic
since the difference between the fluctuating velocity components are within ±5%. In addition, the spatial
variation in the fluctuating velocity components is within ±7% implying a nearly homogeneous turbulence.

The streamwise mean velocity profile along the x2-axis at x3 = 0, Fig. 3(a), and along the x3-axis at x2 = 0,
Fig. 3(b), is uniform implying that oU1/ox2 � 0 and oU1/ox3 � 0 in the core region. Also, the mean velocity in
the x3-direction, U3, is zero. Based on these facts, the mean velocity gradient tensor at the core region is given
by
oU i

oxj
¼

oU1

ox1

oU1

ox2
� 0 oU1

ox3
� 0

oU2

ox1
� oU1

ox1
0

0 0 0

0
B@

1
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Mean streamwise velocity profile (a) along the x2-axis at x3 = 0; (b) along the x3-axis at x2 = 0 at C = 1.2, 1.6, 2.8 and 9.0 (bottom
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The only non-zero component of mean vorticity vector, which is responsible for the production of turbu-
lence, is given by
Fig. 4.
(n), b
x3 ¼
oU 2

ox1

: ð14Þ
However, at the contraction centerline this component is zero due to symmetry.
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The flow in the core region is not affected by the wall boundaries. Thus, the mean velocity components are
in good agreement with the velocity components based on a simple quasi-one-dimensional potential flow,
Parsheh et al. (2005).

The fluctuating velocity components attain minimum values inside the contraction, Fig. 4. The minimum
in x1, x2 and x3 components in case lg = 20 occur at C � 2.1, C � 1.7 and C � 1.8, respectively. Our mea-
surements show that the position of the minimum is not dependent on the Reynolds number and the con-
traction angle. However, the minimum in the x1-component moves from C � 2.1 to C � 1.7 when lg = 60 (it
is not shown here). This suggests that the turbulence characteristics in the contraction is highly dependent
on the inlet flow condition, consistent with the results for axisymmetric contractions by Hussain and Ramjee
(1976).

The rapid distortion theory (Ribner and Tucker, 1953; Batchelor and Proudman, 1954) predicts that the
variation of the fluctuating velocity components is not influenced by the shape of the contraction. Hussain
and Ramjee (1976) verified this matter for axisymmetric contractions by measuring the turbulence in four dif-
ferent axisymmetric contractions. They showed that all contractions affect the core flow similarly and the total
acceleration is the primary parameter concerning the evolution of the turbulence. In the present study, we
investigate the effect of shape in planar contractions by analyzing the influence of contraction angle, b, on tur-
bulence. This is done by varying the outlet height and keeping other parameters unchanged. Fig. 4(a)–(c) show
the fluctuating velocity components in the contractions with maximum contraction ratio of Cmax = 7.3,
Cmax = 11.2 and Cmax = 16.7, where the corresponding contraction half-angles are b = 8.15�, b = 8.4� and
b = 8.8�, respectively. Although the difference in angle, b, appears to be small, the total convective accelera-
tion at the contraction outlet when b = 8.8� is more than two times larger than that when b = 8.15�. As shown
in Fig. 4(a)–(c) the fluctuating velocity components collapse around the same curve implying that the variation
of turbulence characteristics with C is almost independent of b. Based on the results for axisymmetric and pla-
nar contractions, it is reasonable to make the assumption that the contraction shape does not have a consid-
erable effect the turbulence characteristics.

The streamwise turbulence intensity component along the centerline, T 1 ¼ ðu2
1Þ

1=2
=U 1, decreases monoton-

ically downstream of the inlet to less than 1.5% at the outlet in all cases. This implies that the effect of the
turbulence on orientation anisotropy is very small at high contraction ratios. Parsheh et al. (2005) showed that
the turbulence intensity in various cases with different Reynolds number, contraction half angle, and inlet tur-
bulence intensity collapse around an exponentially decaying curve. A thorough investigation of the evolution
of turbulence in planar contractions is given in Brown et al. (2006).

4. Analysis and results

In this section, we study the orientation distribution of fibers in presence of turbulence as well as when
Dr = 0 (Dr is the rotational diffusion coefficient). We use then the model for the rotational diffusion
coefficient derived by Parsheh et al. (2005). Furthermore, we use the measured orientation distribution as
the initial profile for computation of orientation state for inertialess fiber suspension flow with Dr = 0
and compare these results to the measured data to determine the impact of turbulence on the orientation
anisotropy.

Measured orientation distribution function, w, at contraction inlet is not fully isotropic. This is attributed
to a slight contraction of flow in the straight channel downstream of the grid due to the boundary layer
growth. This slight anisotropy at the contraction inlet is more pronounced for the case with lg = 60. Samples
of the measured orientation distribution function when lg = 20 is shown in Fig. 5. According to this figure,
more fibers are oriented in the streamwise direction at larger C. Although direct comparison of distribution
function can give qualitative differences, as in Fig. 5, we need a method to accurately represent w while readily
quantifying the downstream development of the orientation distribution function by a numerical index.
Advani and Tucker (1987) showed that even-order tensors give a concise description of w. The second and
fourth order planar orientation tensors in the x1–x3 plane are defined as
aij ¼
Z p

0

wð/Þpipj d/; ð15Þ
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and
aijkl ¼
Z p

0

wð/Þpipjpkpl d/; ð16Þ
respectively. These symmetric tensors represent moments of the orientation distribution function. The diago-
nal components of orientation tensor show the degree of alignment and the off-diagonal terms represent the
skewness. It has been shown that higher order tensors give a more accurate representation of w (Advani and
Tucker, 1987). Also, orientation distribution function can be reproduced given the orientation tensor compo-
nents. In this study, we use one of the normal components of the fourth order planar orientation tensor, a1111,
to represent the orientation distribution function. The value of this component varies between 0 and 1.0 when
all fibers are oriented in the x3- and x1-direction, respectively. For a random distribution of fibers, this value is
0.375.

4.1. The equations governing fiber orientation

Orientation of a single fiber can be characterized by the angles (/,h) defined in Fig. 1. Goldsmith and
Mason (1967) derived the general equations for the time rate of change of orientation angles, d//dt and
dh/dt, in three-dimensional flows. For large aspect ratio fibers, k � 1, in the absence of turbulence at the cen-
terplane of planar contractions, where oU2/ox1 � 0, Olson (2002) showed that
d/
dt
¼ � 1

2

oU 1

ox1

� �
sinð2/Þ: ð17Þ
Also, based on Jeffery (1922) and Goldsmith and Mason (1967) we can show that for this flow dh/dt is
given by
dh
dt
¼ 1

4

oU 1

ox1

� �
cosð2/Þ sinð2hÞ þ 3

4

oU 1

ox1

� �
sinð2hÞ: ð18Þ
In these equations, U1 and oU1/ox1 are based on the values at the center of the fiber and are assumed to be
constant along the fiber. As Eqs. (17) and (18) imply, fibers rotate toward the stable steady state solution,
/ = 0� and h = 90�, with angular velocity components dh/dt P d//dt. However, d//dt or dh/dt is zero when
the initial fiber angle, /0 = 90� or h0 = 0�, respectively. Solution of Eq. (17) is given by
tan / ¼ e�j tan /0 ¼
C0

C
tan /0; ð19Þ
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where
j ¼
Z x1

x1;0

1

U 1

oU 1

ox1

� �
dx1 ¼ ln

C
C0

: ð20Þ
The subscript ‘0’ denotes the initial condition and j is the total dimensionless acceleration imposed on the flow
from x1,0 to x1 or C0 to C. In the absence of turbulence, Eq. (19) relates the planar development of the ori-
entation angle of a single fiber to the flow acceleration in the contraction. Also, the solution of Eq. (18) is given
by
tan h ¼ ec tan h0; ð21Þ

where
c ¼
Z C1

C1;0

1

C
2C2 þ tan2 /0

C2 þ tan2 /0

� �
dC: ð22Þ
4.2. Effect of turbulence on fiber orientation

From (17) and (4) the planar orientation distribution function in turbulent flow, is given by
ow
ox�1
¼ o2w

o/2
þ Per

o

o/
1

2
w sinð2/Þ

� �
; ð23Þ
where x�1ð� x1=½U 1=Dr�Þ is the dimensionless streamwise axis and Per is the rotational Péclet number given by
Per ¼
oU 1=ox1

Dr

; ð24Þ
as shown by Krushkal and Gallily (1988). Eq. (23) clearly shows that the relevant parameter governing the ori-
entation of fibers is the rotational Péclet number. Thus, the planar orientation distribution function, w, can be
accurately estimated based on (23) with an appropriate model for Per. Parsheh et al. (2005) derived a model for
Per based on the model by Olson and Kerekes (1998). These authors statistically analyzed the equation of
motion of a single fiber suspended in isotropic turbulent flow and derived a relation for the turbulence-induced
Dr. They suggest that for long fibers, where the Lagrangian particle velocity correlation is the same as the fluid
Eulerian velocity correlation (Olson and Kerekes, 1998), Dr is dependent on turbulence intensity, Eulerian inte-
gral length and time scales. Our measurements show that turbulence intensity decays exponentially with C

(Brown et al., 2006). Thus, we conclude that Dr varies exponentially inside the contractions. The integral length
scale at inlet, K0, is approximately equal to fiber length, 2l, and remains at the same order of magnitude every-
where in the contraction independent of the Reynolds number (Fig. 6). Based on Olson and Kerekes (1998) and
the flow conditions in the contraction, Parsheh et al. (2005) showed that when the fiber length is the same order
of the integral length scale, the relation
Per ¼
2l

T 1;0

dC
dx1

e0:95C; ð25Þ
gives the best fit between the computed orientation parameter, a1111, and the measured a1111 (Fig. 7). Also,
based on this model, estimated orientation distribution is in good agreement with the measured data
(Fig. 8). We have used measured value of / at C = 1.1 as the initial angle, /0, in Eq. (17) to obtain the down-
stream orientation distribution when Dr = 0. The effect of turbulence on the orientation can be clearly ob-
served by comparing computed w when Dr = 0 with the measured w, as shown in Fig. 7. Using the initial
distribution at C = 1.1 with lg = 60, we have included the model by Olson et al. (2004), i.e., Dr = 2 s�1.
The deviation in results between the model by Olson et al. (2004) and our data is partly due to the difference
in inlet turbulent conditions.

Parsheh et al. (2005) showed that the influence of turbulence on the orientation state vanishes at roughly
Per > 10. Since the rotational Péclet number is the ratio of the mean rate of strain to Dr, the orientation state
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can be different in different contraction shapes for identical Dr, as discussed with more detail in the next
section.

For large C the microscopic Reynolds number based on the fiber half length, defined as Ref = (oU1/ox1)l2/m,
reaches values of the order of 102. Despite this large microscopic Reynolds number, inertia has a negligible
effect on fiber motion since fiber orientation follows Eq. (17) at large C. Aidun et al. (1998) and Ding and
Aidun (2000) showed that at moderate microscopic Reynolds number, the motion of an ellipsoid follows
Jeffery’s orbit with a slight time delay which accumulates over several orbits. For small angle of rotation,
the deviation is very small. The effect of inertia becomes clear after a few orbits where there is a noticeable
deviation from Jeffery’s solution. Therefore, we conclude that for the relatively small angle of rotation in these
experiments, (<p/2), the effect of inertia is negligible in the sense that it cannot be measured.

4.3. Effect of contraction shape on fiber orientation

We previously showed that production of turbulent kinetic energy has a negligible effect on the variation of
turbulence characteristics inside the contraction, and the inlet turbulence condition determines the turbulence
level and orientation anisotropy. Therefore, the rotational diffusion coefficient, Dr, is dependent only on the
inlet flow conditions. Based on these facts, we examine the effect of contraction shape on fiber orientation
anisotropy. We investigate the change of orientation anisotropy in four contraction shapes, characterized
by constant mean rate of strain, linear rate of strain, quadratic rate of strain and the planar contraction with
flat walls, are outlined in Eqs. (5)–(8). The inlet height, h0, the contraction length, L, and the maximum con-
traction ratio, Cmax, are kept equal in all cases (see Fig. 2). We have used our model given by Eq. (25) to eval-
uate Dr based on inlet flow conditions in case lg = 20. Therefore, the value of Dr and j are independent of
contraction shape (See Eqs. 20 and 25). The evolution of the rotational Péclet number for these contractions
is shown in Fig. 9.

We have solved Eq. (23) for the flow at the contraction centerline using finite difference approximation with
isotropic inlet orientation condition. The orientation parameter, a1111, versus the contraction length and the
contraction ratio, C, is shown in Figs. 10 and 11, respectively. The contraction with flat walls, which is widely
used in industrial processes, has the smallest orientation anisotropy at the outlet. However, the contraction
with constant rate of strain gives the largest outlet anisotropy. This is attributed to the interaction of turbu-
lence and mean rate of strain at the region immediately downstream of the inlet. To show the actual compar-
ison of the orientation anisotropy in these cases, the orientation distribution function of the contraction with
constant rate of strain and flat walls at C = 11.2 are presented in Fig. 12. At roughly C > 4, the randomizing
effect of turbulence is negligible compared to the orienting effect of the convective flow acceleration. Therefore,
in this region a1111 develops similarly in all contractions and the orientation anisotropy follows the develop-
ment with Dr = 0, as shown in Fig. 11. The initial rate of strain plays a significant role at C < 4 where Dr is
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Fig. 9. The rotational Péclet number for flat plate (—), constant rate of strain (- - -), linear rate of strain (– Æ–), quadratic rate of strain (� � �).
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large. In the cases considered here, in those contractions with larger initial rate of strain at C < 4, the random-
izing effect of turbulence is effectively overcome by the converging mean flow. Thus, the orientation anisotropy
is largest in the case with constant rate of strain. In the channel with flat walls, which has a small initial mean
rate of strain, turbulence has a significant randomization effect at C < 4.

We have shown that rotational Péclet number is an effective parameter to evaluate the effect of turbulence
on fiber orientation anisotropy. Also, this parameter more effectively explains the shape effect. A closer look at
Per for the contractions considered in this study (Fig. 9) clearly shows that turbulence has a negligible effect on
orientation anisotropy when Per > 10, consistent with what we have observed for the measured cases. The
cases with smaller Per at C < 4 have smaller orientation anisotropy at the outlet, as shown in Fig. 9.

It should be noted that in inertialess suspension flow with Dr = 0, a1111 is only a function of C and, there-
fore, is independent of contraction shape. This is attributed to the fact that the change of orientation angle in
inertialess suspension flow with Dr = 0 is only dependent on the dimensionless acceleration, j given by Eq.
(20). The value of j is identical in all contractions for a given contraction ratio (see Eqs. (19) and (20)).

The ratio of a1111 at C = 11.2 for contractions with constant rate of strain, a1111,c, and flat walls, a1111,f, is
shown in Fig. 13. In this figure, the dimensionless rotational diffusion coefficient, D�r , is defined as
Fi

Fig. 14
D�r ¼ 0
D�r ¼
Drðx1 ¼ 0Þ
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g. 13. The ratio of orientation parameter in the case constant rate of strain, a1111,c, to the case flat walls, a1111,f, at C = 11.2.
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When D�r ¼ 0, fiber orientation is independent of the contraction shape (see Eq. (19)) and for highly turbu-
lent flow when D�r is very large, the orientation distribution approaches isotropic state independent of contrac-
tion shape. As a result, in both cases a1111,c/a1111,f is equal to one. The value of D�r for the cases where lg = 20
and lg = 60 are 0.022 and 0.015, respectively. As Fig. 13 shows, when D�r � 0:085, a1111,c/a1111,f reaches its peak
suggesting that the largest effect of the contraction shape on orientation anisotropy in contractions with flat
walls and constant rate of strain occurs when D�r � 0:085. A closer look at the difference in a1111,c and a1111,f

when D�r ¼ 0:085 in Fig. 14, reveals that the peak occurs at C � 2.2 where the shape effect is largest. This figure
clearly shows that a1111,c and a1111,f develop differently inside the two contractions. This example clearly shows
that the orientation distribution function is a function of contraction shape.
5. Conclusions

The microstructure of fiber suspensions is known to depend on flow kinematics. The flow induced change in
microstructure directly impacts the product quality in many industrial applications. We have predicted orien-
tation distribution of a dilute fiber suspension flow inside arbitrary contraction shapes for Reynolds number of
O(105) in the presence of turbulence. This analysis is based on the solution of a Fokker–Planck type equation,
which is previously used to model suspension flows with fiber–fiber interaction and Brownian motion. To
solve this equation, a relation for turbulence-induced rotational diffusion coefficient, Dr, is required. The
model based on the measured fiber orientation distribution in a contraction with flat walls, given by Parsheh
et al. (2005), is thus employed to investigate the shape effect in contractions with various shapes.

Although turbulence intensity and rotational diffusion coefficient are independent of the contraction shape,
orientation anisotropy parameter, a1111, obtained by evaluating the moments of the orientation distribution
function is shown to vary with the contraction shape. We have shown that fiber orientation anisotropy at
the outlet is largest for contractions with high initial rate of strain. The development of the orientation anisot-
ropy is governed by the rotational Péclet number, Per, representing the interplay between the randomizing
effect of turbulence and the orienting effect of streamwise mean rate of strain. For contraction ratios C > 4
where Per is large, turbulence has negligible effect on fiber orientation distribution. Therefore, the orientation
anisotropy parameter, a1111, can be predicted based on Jeffery’s solution for inertialess suspension flow with
Dr = 0. In contractions in which rotational Péclet number at C < 4 is less than 10, turbulence strongly influ-
ences fiber orientation. Therefore, orientation anisotropy is smaller for contractions with small initial rate of
strain which gives a small Per at C < 4.
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